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Mechanism design studies the implementation ofallocation functions(sometimes called
social choice functions) when relevant information resides with self-interested agents who
may misreport their information if it is rational to do so. A central question in the field is
to characterize which allocation functions aretruthful, meaning that they can be combined
with a payment function that induces players to report their preferences truthfully. Charac-
terization theorems for truthful mechanisms, when they exist, are a boon to the mechanism
designer since they allow us to reduce problems of optimal mechanism design to algorithm
design problems in which the algorithm that computes the allocation function is required
to satisfy additional constraints.

This article may be viewed as an annotated discussion of the results in [Archer and
Kleinberg 2008].

1. PRELIMINARIES

In this article we focus on mechanism design problems with a single player, also known
as principal-agent problems. In some sense, this restriction is without loss of generality:
fixing all other agents’ bids, agenti faces a single-player mechanism, and a multi-player
mechanism is truthful if and only if each of the single-player mechanisms in this ensemble
is truthful. This reduction from multi-player mechanisms to single-player mechanisms
applies across a range of different solution concepts — including dominant-strategy, Nash,
and Bayes-Nash equilibrium. See [Archer and Kleinberg 2008] for details.1

Abstractly, the environment of a single-player mechanism design problem can be de-

1The statement that multi-player mechanism design reduces to single-player mechanism design overlooks the fact
that designing ann-player social choice function whose1-player restrictions are simultaneously truthful is much
more difficult than designing ann-tuple of truthful single-player mechanisms. Also, the reduction for Bayes-
Nash equilibrium is somewhat subtle, and works only if the players’types(defined shortly) are independently
distributed.
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scribed by specifying two things: a setO of outcomes, and a setT of player types. Each
typex ∈ T is a mapping from outcomes to real numbers; thusT is a subset of the func-
tion spaceRO. If x is a player’s type anda is an outcome, thenx(a) is interpreted as the
player’s valuation for outcomea. We do not assume thatO is finite, nor do we assume that
T is contained in a finite-dimensional subspace of the vector spaceRO. However, wedo
assume thatT is a convex subset ofRO. In other words, for any two typesx,y ∈ T and
any parameterλ ∈ [0, 1], the functiona 7→ λx(a) + (1− λ)y(a) is also an element ofT .

Example 1(Finite outcome set). For mechanism design problems with a finite number of
outcomes,n, the type spaceT is simply a subset ofRn and a typex ∈ T is simply a vector
in Rn whose components represent the player’s valuation for each of then outcomes. The
definition of convex type spaces given above reduces to the standard definition of convex
subsets ofRn.

Example 2(Dot-product valuations). Suppose thatO is a subset ofRn and that for every
typex ∈ T there is a corresponding vectorvx ∈ Rn such thatx(a) = vx ·a for all a ∈ O.
We express this situation by saying that the player has “dot-product valuations” and we
will ignore the distinction betweenx andvx. Thus, instead of consideringT to be a subset
of RO, we will consider it to be a subset ofRn. Once again, the definition of convex type
spaces given above reduces to the standard definition of convex subsets ofRn. Note that
Example 1 is a special case of a dot-product valution, in whichO is represented by the set
of standard basis vectors{e1, e2, . . . , en}.

Here are two settings where dot-product valuations are natural. In the first setting, the
components of the outcome vectora represent amounts ofn different goods allocated to
the player, the components of the type vectorx represent the player’s value per unit of
each of these goods, and these values are additive. In the second setting, there aren “pure”
outcomes (which may or may not be inO), each outcome vectora ∈ O represents a
lottery over the pure outcomes, and the player’s value for a lottery is its expected value for
the random pure outcome chosen.

Actually, dot-product valuations are more general than at first they seem. WheneverT
is contained inside a finite-dimensional linear subspace ofRO, we may choose a set of
typesx1,x2, . . . ,xn that form a basis for this subspace, and embedO into Rn by mapping
outcomea to the vector(x1(a),x2(a), . . . ,xn(a)). If we treatO as a subset ofRn in
this way, the reader can now check that everyx ∈ T defines a linear functionO x→ R,
so it is represented by a vectorvx as in the first paragraph of this example. Thus, every
mechanism design problem with a finite-dimensional type space can be expressed in the
form of dot product valuations.

Example 3. In many natural mechanism design problems, the type space cannot be mod-
eled as a subset of a finite-dimensional vector space. For example, suppose we are de-
signing a mechanism that assigns to the player some quantity of a divisible good. The set
of outcomesO is thusR+, and the set of typesT might be the set of all monotonically
increasing functions fromR+ to R+. This type space is convex, because a convex com-
bination of increasing functions is increasing. Figure 1 illustrates two types inT , and a
convex combination of them.

We focus ondirect revelationmechanisms, which means that the action available to the
player is to announce abid to the mechanism, which is some type inT but may or may
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Fig. 1. Two types, represented as functions from positive reals to positive reals, and a convex combination of the
two.

not be its true type.2 Continuing with definitions, let us define anallocation functionto be
a functionf : T → O and apayment functionto be a functionp : T → R. We interpret
f(x) to be the outcome chosen when the player bidsx, while p(x) is the payment made to
the player in this case. We assume the player has a quasi-linear utility function, meaning
that a player with typex values the pair(a, q) atx(a) + q.

A mechanismis an ordered pair(f, p) consisting of an allocation functionf and payment
functionp. We say that(f, p) is truthful if the player always maximizes utility by bidding
its true type; in other words, for allx,x′ ∈ T we have

x(f(x)) + p(x) ≥ x(f(x′)) + p(x′). (1)

We say thatf is a truthful allocation if there exists a payment functionp such that(f, p) is
a truthful mechanism.

Characterization theorems for truthful mechanisms supply criteria for determining whether
f is truthful without having to explicitly search for the payment functionp that makes(f, p)
into a truthful mechanism. The most general such characterization theorem, due to Rochet
[1987], proves thatf is truthful if and only if it satisfies the followingcycle monotonicity
property (CMON) for allk > 0:

∀x1, . . . ,xk ∈ T
k∑

i=1

xi(f(xi)) ≥
k∑

i=1

xi−1(f(xi)), (2)

where the subscripts are interpreted modk. With dot product valuations, this may be
rewritten as:

∀x1, . . . ,xk ∈ T
k∑

i=1

f(xi) · (xi − xi−1) ≥ 0. (3)

CMON is a simple and general criterion that is necessary and sufficient for truthfulness
even whenT is infinite-dimensional and non-convex. However, it is surprisingly hard to

2The famousrevelation principletells us that this restriction is without loss of generality.
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apply this criterion to design truthful mechanisms. In fact, in the literature on algorithmic
mechanism design we are aware of only one example [Lavi and Swamy 2007] in which a
mechanism was successfully designed by directly enforcing the CMON iequalities.

The special case of CMON whenk = 2 is calledweak monotonicity(WMON) and is
expressed by the following inequality for allx1,x2 ∈ T :

x1(f(x1)) + x2(f(x2)) ≥ x1(f(x2)) + x2(f(x1)). (4)

With dot product valuations, this may be rewritten as:

(f(x1)− f(x2)) · (x1 − x2) ≥ 0. (5)

It is known that WMON is a necessary and sufficient condition for truthfulness when the
type space is one-dimensional [Mirrlees 1971; Spence 1974; Myerson 1981; Rochet 1987;
Archer and Tardos 2001]. Recently Saks and Yu proved that it is necessary and sufficient
when the type space is multidimensional but the outcome set is finite [Saks and Yu 2005],
a result that was also implicit in work of Jehiel et al. [1999]. However, it is known that
WMON is not a sufficient condition for truthfulness when the set of outcomes is infinite,
even if the type space is only two-dimensional; see [Saks and Yu 2005] for a counterexam-
ple. Thus, characterizing truthfulness in two-dimensional type spaces is inherently more
complicated than characterizing truthfulness in one dimension. One of the findings of our
work can be summarized as follows: although truthfulness is more complicated in two
dimensions than in one, it is not significantly more complicated in infinitely many dimen-
sions than in two.

One of the reasons that the CMON characterization of truthfulness is difficult to apply is
that it is notlocal, i.e., it depends on comparing the values off at points in the type space
which may be arbitrarily far from each other. Since it is often much easier to compare an
algorithm’s behavior on one input to its behavior on a small perturbation of that input, it
is desirable to identify a characterization of truthfulness that islocal, i.e., depends only on
the function’s behavior in small neighborhoods. One of the findings of our work is that
truthfulness can be characterized by local properties: formally, if every pointx in a convex
type space has an open neighborhoodU such that the restrictionf |U is truthful, thenf is
truthful.

2. OUR CHARACTERIZATION THEOREM

Our characterization theorem provides two criteria,local weak monotonicityandvortex-
freeness, which together are necessary and sufficient for truthfulness. In this section, we
define the two criteria and state the main theorem.

Definition 1. An allocation functionf satisfieslocal weak monotonicity (local WMON)
if and only if every pointx1 ∈ T has an open neighborhoodU such that (4) holds for all
x2 ∈ U .

For convex type spaces it turns out that local WMON is equivalent to WMON, although
this equivalence does not hold in general, even for simply-connected non-convex type
spaces.

The definition of vortex-freeness stems from the interpretation of the left side of (3) as a
Riemann sum approximating the line integral

∮
f(x) · dx of the vector fieldf(x) around a

loop in type space that passes through the pointsx1,x2, . . . ,xk and finally returns tox1.
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Thus, CMON implies that any loop integral
∮

f(x) · dx must be non-negative.3 Since we
must still get a non-negative integral when the orientation of the loop is reversed, we see
that CMON actually implies that all loop integrals off are zero. In the finite-dimensional
case with dot-product valuations, the vanishing of loop integrals off is expressed by saying
that f is a conservative vector field, a criterion whose relation to truthfulness was noted
previously in [Jehiel et al. 1999; M̈uller et al. 2007]. The definition of vortex-freeness
captures the simplest non-trivial special case of this necessary condition.

Definition 2. An allocation functionf : T → O is vortex-freeif for every x ∈ T and
every 2-dimensional planeΠ throughx, there exists an open neighborhoodU aboutx such
that the path integral

∮
4 f(x) · dx vanishes for every triangle4 in Π ∩ U with one corner

atx.

Having defined local WMON and vortex-freeness, we can now state our main charac-
terization theorem.

Theorem 1. LetT be a convex type space and letf : T → O be an allocation function.
Thenf is truthful if and only if it is vortex-free and satisfies local WMON.

It is instructive to consider the meanings of local WMON and vortex-freeness when we
have finite-dimensional type and outcome spaces with dot product valuations, and the allo-
cation functionf is continuously differentiable. In that case,f is vortex-free if and only if
it is the gradient of some function4 Φ : T → R, andf satisfies local WMON if and only if
this functionΦ is convex. Moreover, both criteria have nice interpretations in terms of the
matrix Df of derivatives off : f is vortex-free if and only ifDf is symmetric, andf sat-
isfies localWMON if and only if Df is positive semidefinite. These observations about
truthfulness of smooth functions on finite-dimensional convex type spaces are essentially
contained in [McAfee and McMillan 1988], though not in the form presented here.

We now give a brief sketch of the proof of Theorem 1, referring the interested reader
to [Archer and Kleinberg 2008] for details. By Rochet’s Theorem, truthfulness is equiva-
lent to CMON. We have already seen that CMON implies thatf is vortex-free and satisfies
local WMON. It remains to prove the converse. Letx1,x2, . . . ,xk be anyk-tuple of types
in T , and letP be the polygonal path consisting of line segments fromxi to xi+1 for
i = 1, 2, . . . , k, once again interpreting subscripts modk. (Here we are using the assump-
tion thatT is convex; otherwiseP need not be contained inT .) To establish CMON one
proves that

k∑
i=1

xi(f(xi))− xi−1(f(xi)) ≥
∮

P

f(x) · dx = 0. (6)

The fact that the sum is greater than or equal to the integral in (6) is a consequence of local
WMON. The proof that the integral equals zero uses only the fact thatf is vortex-free. First

3Actually, in order for the loop integral to even be well-defined, we must assume thatf is locally path integrable,
meaning that every point ofT has an open neighborhood in which the integral off over every line segment is
well-defined and finite. Note that the integral off over a line segmentΓ from x0 to x1 is well-defined, even

whenT is infinite-dimensional, using the formula
R
Γ f(x) · dx

∆
=

R 1
0 (x1(f(xt)) − x0(f(xt))) dt, where

xt = (1− t)x0 + tx1. If f satisfies WMON, then this last integrand is an increasing function oft on [0, 1], so
the integral exists.
4Here we use the assumption thatT is convex, hence simply-connected.
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one proves that
∮

P
f(x)dx vanishes wheneverP is a triangle, using an argument based on

subdividingP into a finite number of sufficiently small triangles and using topological
compactness to apply the vortex-free property to each of these smaller triangles. Then one
deals with arbitrary polygonsP by subdividing them into triangles. This completes the
proof of (6), and with it the proof of Theorem 1.

2.1 Corollaries

Our characterization theorem has two easy corollaries that deserve mention.

Corollary 2 (Local-to-global truthfulness). If T is convex and everyx ∈ T has an open
neighborhoodU such that the restriction tof to U is truthful, thenf is truthful.

Proof: The definitions of local WMON and vortex-free depend only on the restrictions of
f to sufficiently small neighborhoods of every point inT .

Corollary 3 (2-dimensional to infinite-dimensional truthfulness). If T is convex and
the restriction off to Π ∩ T is truthful for every2-dimensional affine subspaceΠ, thenf
is truthful.

Proof: The definitions of local WMON and vortex-free depend only on the restrictions of
f to sets of the formΠ ∩ T whereΠ is an affine subspace of dimension at most2. (In the
case of local WMON, in fact, it suffices to consider1-dimensional affine subspacesΠ.)

Note that WMON is equivalent to the assertion that the restriction off to Π ∩ T is
truthful for every1-dimensional affine subspaceΠ. Thus, the criterion in Corollary 3 can
be interpreted as a 2-dimensional generalization of WMON. A special case of Corollary 3
was obtained independently by Vohra [2007].

Our characterization theorem also yields an easy proof of the theorem of Saks and Yu
[2005] that WMON suffices for truthfulness on convex domains when the outcome set is
finite. Viewing the Saks-Yu theorem as a criterion for truthfulness of piecewise-constant
functions, we can generalize it to a criterion for truthfulness of piecewise-truthful func-
tions. Our characterization theorem implies that in order to verify the truthfulness of a
functionf obtained by “stitching together” truthful functions on subsets ofT , it suffices to
check thatf satisfies local WMON on the boundaries between pieces. The precise state-
ment of this “truthful stitching” theorem is given in Theorem 4 below. A very similar result
was established by different means in [Jehiel et al. 1999].

Theorem 4. Suppose that a finite-dimensional convex type spaceT is covered by closed
sets{Ti : i ∈ I} such that:
(1) the covering is locally finite;
(2) each setTi is the closure of its interior;
(3) the pairwise intersectionsTi ∩ Tj are piecewise differentiable and have positive codi-

mension inT .
Suppose thatf is a function onT , and that for eachi ∈ I, we have a locally truthful
functionfi on Ti, continuous at each point of the boundary∂Ti, such thatf = fi on the
interior of Ti. If f satisfies local WMON, thenf is truthful.

Truthful stitching represents a promising tool for designing algorithms to compute truth-
ful allocation functions, since functions computed by a program containing branch points
(e.g., if-then-else statements) tend to have the property that they partition the type space
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into a finite number of pieces (according to the branch outcomes), and on each piece the
function has a simple description.

2.2 Non-convex type spaces

Up to this point in the article, we have dealt exclusively with convex type spaces. Indeed,
most of the characterization results stated above fail when the type space is non-convex.
For example, Corollary 2 fails to hold in the non-convex setting: a locally truthful function
is not necessarily truthful, even if the type space is simply connected and two-dimensional.
Nevertheless, convex type spaces are in some sense the canonical ones, by the following
theorem. This result requires a technical condition that we calloutcome compactness;
see [Archer and Kleinberg 2008] for details.

Theorem 5. LetT be any type space, letT ] denote the convex hull ofT , and letO be an
outcome space that satisfies outcome compactness. An allocation functionf : T → O is
truthful if and only if there exists a truthful allocation functionf ] : T ] → O such thatf
is the restriction off ] to T .

The idea behind the proof is thatf implicitly defines a payment for each outcome, so
we can extendf to T ] by definingf ](x) to be the outcome that maximizes the total utility
for typex given this payment. The outcome compactness condition is there to guarantee
that there is some type inT that achieves this maximum.

3. FUTURE DIRECTIONS

One of the focal optimization problems studied in algorithmic mechanism design has been
the problem of scheduling jobs on unrelated machines to minimize makespan, often de-
notedR||Cmax in the scheduling literature. In this problem, there aren jobs that we need
to schedule onm machines. Each machine has a different processing time that it would
require to finish each job, and the mechanism must decide how to split up the jobs amongst
the machines, with the goal of minimizing the time at which the last job is completed. The
players are the machines, and a machine’s type is simply its vector of processing times.
We assume that a machine’s valuation for any collection of jobs equals the negative of its
total processing time for those jobs.

This problem was first proposed in the mechanism design context by Nisan and Ronen
[2001]. They note that assigning each job to the machine that can process it the fastest is
a truthful allocation, but the makespan it achieves can exceed that of the optimal solution
by as much as a factor ofm. A big question has been whether this approximation factor
can be improved by a better truthful mechanism, or whether a matching lower bound can
be obtained. The lower bound of 2 given by Nisan and Ronen [2001] has been improved
to 2.414 by Christodoulou et al. [2007], then to 2.618 by Koutsoupias and Vidali [2007].
For the version of the problem where each job can be split fractionally amongst machines,
Christodoulou et al. [2007] give a lower bound of2 − 1

m and an upper bound ofm+1
2 .

Thus, for both versions of the problem, there is still an enormous gap between the upper
and lower bounds. For deterministic mechanisms in the unsplittable case, there are only
a finite number of outcomes, so the characterization theorem from [Saks and Yu 2005] is
the relevant one. However, for randomized mechanisms and for the fractional case our
Theorem 1 might be of use either in designing better truthful mechanisms or in proving
stronger lower bounds.
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It is well-known that any allocation function that maximizes an affine combination of the
players’ valuations over any fixed subset ofO is truthful. For single-player mechanisms,
the converse is obvious, because the truthful allocationf is an affine maximizer where the
additive offset term is just the payment function (using the fact that the payment function
is constant onf−1(a), for eacha ∈ O). For multi-player mechanisms, the converse does
not generally hold. However, a remarkable theorem by Roberts [1979] shows that for
mechanism design problems where3 ≤ |O| < ∞ and the type space is unrestricted (i.e.,
T = RO), the converse does hold; that is, every truthful allocation function is an affine
maximizer. For combinational auctions, under some additional restrictions, Lavi et al.
[2003] proved a similar theorem. It would be good to understand just how generally this
converse holds. For instance, perhaps it is the case that whenever the type space is a linear
subspace ofRO of sufficiently high dimension, the only truthful allocation functions are
the affine maximizers.

In the context of mechanisms for maximizing the utilitarian objective function in 1-
dimensional type spaces, Mu’alem and Nisan [2002] showed that under certain circum-
stances, one can apply max operators and if-then-else constructs to combine multiple truth-
ful mechanisms into a single, improved truthful mechanism. This would be an excellent
tool to be able to employ more generally. We hope that our truthful stitching theorem will
be useful in creating such a tool for multi-dimentional type spaces.
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M ÜLLER, R., PEREA, A., AND WOLF, S. 2007. A network approach to bayes-nash incentive compatible mech-
anisms.Games and Economic Behavior 61,2 (November), 344–358.

MYERSON, R. B. 1981. Optimal auction design.Mathematics of Operations Research 6,1 (February), 58–73.

NISAN, N. AND RONEN, A. 2001. Algorithmic mechanism design.Games and Economic Behavior 35, 166–
196.

ACM SIGecom Exchanges, Vol. 7, No. 3, November 2008.



Characterizing truthful mechanisms with convex type spaces · 9

ROBERTS, K. 1979. The characterization of implementable choice rules. InAggregation and Revelation of
Preferences, J.-J. Laffont, Ed. North-Holland, Amsterdam, 321–348.

ROCHET, J.-C. 1987. A necessary and sufficient condition for rationalizability in a quasi-linear context.Journal
of Mathematical Economics 16,2 (April), 191–200.

SAKS, M. E. AND YU, L. 2005. Weak monotonicity suffices for truthfulness on convex domains. InProceedings
of the7th ACM Conference on Electronic Commerce. 286–293.

SPENCE, M. 1974. Competitive and optimal responses to signals.Journal of Economic Theory 7, 196–232.
VOHRA, R. 2007. Paths, cycles and mechanism design. Working paper, updated 2008.

ACM SIGecom Exchanges, Vol. 7, No. 3, November 2008.


